Let G be a simple complex Lie group with Weyl group W . We give a formula for the character of W on the zero weight space of any finite dimensional representation of G. The formula involves partition functions, generalizing Kostant's partition function. On the elliptic set of W the partition functions are trivial. On the elliptic regular set, the character formula is a monomial product of certain co-roots, up to a constant equal to 0 or ±1. For a Coxeter element we recover Kostant's formula for this trace. If the long element w 0 = −1, our formula leads to a method for determining all representations of G for which the zero weight space is irreducible.
Introduction
Let G be a simple complex Lie group. Choose a maximal torus T in G, with normalizer N, and let W = N/T be the Weyl group. If V is an irreducible finite-dimensional representation of G then N preserves the subspace V T , consisting of T -invariant vectors in V . This representation of N on V T factors through W . It is an old problem, going back at least to [12] and [19] , to understand this correspondence V → V T , from G-modules to W -modules. A survey of the problem as of 2014 can be found in [14] .
For classical groups, results on the decomposition of V T as a W -module have been obtained in [1] , [2] , [3] , [11] , [12] using Schur-Weyl duality. For a fixed classical group, say G = SL 3 , this method involves multiplicities in induced representations of arbitrarily large symmetric groups. For G = G 2 , [21] gave a computer algorithm, but not a formula, for explicitly computing the character of V T in terms of the highest weight of a given V .
The main results in this paper are as follows.
1. For any simple group G we give a formula for the trace on V T of any element w ∈ W , as a function of the highest weight of V . Our formula is expressed in terms of weighted partition functions, generalizing Kostant's partition function. The computational complexity of these partition functions depends on the dimension of the fixed-point set T w of w in T . The most complex case is w = 1, where we recover Kostant's partition function [18] . Partition functions arise in many different contexts and have an extensive literature (see, for example, [8] and references therein) but explicit formulas for partition functions seem to rare, except in small rank.
2. When w is elliptic (that is, when T w is finite) our partition functions are trivial; in this case our formula for tr(w, V T ) becomes an explicit signed sum of harmonic polynomials on the Lie algebra of T . If in addition w is regular (that is, if the group generated by w acts freely on the set of roots) then the signed sum collapses to a monomial:
where ǫ(λ) ∈ {−1, 0, 1}, C is an elementary positive constant depending only on the order m of w and R λ is a set of roots depending on a certain congruence class modulo m of the highest weight λ of V . See Thm. 6.3 for the explicated version of (1) . When w = cox is a Coxeter element we have C = 1, R λ = ∅ and we recover Kostant's result tr(cox, V T ) = ǫ(λ) [19] .
3. Let w 0 ∈ W be the long element. If w 0 is elliptic then it is also regular. Applying (1) to w = w 0 leads to a method for finding all V for which V T is W -irreducible, by checking only a finite number of V . This question is raised in [14] , specifically for F 4 , so we do the checking for F 4 to show that only those V of dimensions 1, 26 and 52 have irreducible V T .
4. The proof of (1) relies on an inequality for centralizers of torsion elements: If g ∈ G and Ad(g) has order m then dim C G (g) ≥ r m ,
where r is the number of roots of G. Moreover equality holds in (2) if and only if g normalizes a maximal torus T ′ and projects to an elliptic regular element in the Weyl group of T ′ . When m = h this result is also due to Kostant [17] .
The paper is organized as follows.
Section 2 analyzes the Weyl Character Formula (WCF) itself, independently of Weyl groups. Here we compute the restriction of the WCF to cosets tS of subtori S ⊂ T , extending the method of [26] . Taking S = 1 and t of finite order m, we express tr(t, V ) as a monomial (as in (1) above), provided that t is "not more singular" (see 2.2) than the highest weight of V modulo m.
In section 3, we take an element w ∈ W and apply the results of section 2 to the case where S is the connected fixed-point subtorus of w in T and t ∈ T is G-conjugate to an element of w. (We regard elements of W as cosets of T in N.) We pass from tr(t, V ) to tr(w, V T ) by taking the constant term of the function s → tr(st, V ) on S. Here partition functions arise. The character formula for tr(w, V T ) is given in Thm. 3.4.
Sections 4 and 5 discuss the cases G 2 and SL 4 . For these groups, formulas for dim V T are known see [2] and [20] . Here, for w = 1 we work out our partition functions to give completely explicit formulas for tr(w, V T ) for G 2 and SL 4 . The results for G 2 foreshadow our later results on elliptic regular traces.
In section 6 we specialize to elliptic w, where the partition functions become trivial, and then to elliptic regular w, to prove (1) . This uses the inequality (2) for the dual groupĜ of G. (In this context, the dual group was first used by D. Prasad in [24] to give a new interpretation of Kostant's result for tr(cox, V T ).) We then apply Thm. 6.3 to the long element w 0 , in the cases where w 0 = −1, to show that the problem of determining when V T is irreducible can be reduced to checking a small number of V ; we carry this out for F 4 .
In the appendix we prove the inequality (2) which verifies the "not more singular" condition from section 2 which in turn feeds into the proof of Thm. 6.3. This result is of a different nature than those above and has multiple interpretations, one of which is an inequality for Thomae's function, generalized to Lie groups. The proof of (2) consists of case-by-case computations with Kac-coordinates.
General notation
G is a complex Lie group which is connected and simple (all normal subgroups of G are finite).
T ⊂ B is a maximal torus in a Borel subgroup of G.
g, t, b are the corresponding Lie algebras, with similar notation for other Lie groups.
X * (S) and X * (S) are the character and co-character lattices of any torus S. e λ : S → C × is the character of S corresponding to λ ∈ X * (S). X = X * (T ),X = X * (T ) and , is the canonical pairing X ×X → Z.
R ⊂ X andŘ ⊂X are the roots and coroots of T .
ρ + X + is the set of dominant regular weights.
N is the normalizer of T in G and W = N/T is the Weyl group.
r α ∈ W is the reflection for α ∈ R.
ε : W → {±1} is the sign character. N = {0, 1, 2, 3, . . . } is the set of non-negative integers.
The Weyl Character Formula and subtori
In this section we analyze the restriction of the Weyl Character Formula to cosets of subtori in T .
Fix an element t ∈ T and a subtorus S ⊂ T . Additional notation for this situation is as follows.
It follows from [6, VI.1 Thm 2] that the product mapping
Next, we partition
Thus, R 2 is the set of positive roots which take a constant value e α (t) = 1 on the coset tS, and R 3 is the set of positive roots which are non-constant on tS. Finally we set
This set is an open and dense in S.
(1 − e −β (ts)) .
Proof: Let T ′ be the covering torus of T with character group 1 2 X (cf. [6, VI.3.3] ). We may regard T ′ as Hom( 1 2 X, C × ) and the covering map T ′ → T as induced by the inclusion X ֒→ 1 2 X. We again write e λ : T ′ → C × for the character of T ′ corresponding to λ ∈ 1 2 X. The Weyl group W acts on T ′ via its action on 1 2 X, and W acts on the coordinate ring C[T ′ ] as (w · f )(t) = f (t w ). Let A and A 1 be the operators on C[T ′ ] given by
where ε : W → {±1} is the sign character. Using the bijection W 1 × W 1 → W , we have
In particular for µ ∈ X we have
Restricted to T , the character χ µ : T → C may be regarded as a function on T ′ , via the covering map T ′ → T . It is given by Weyl's Character Formula (WCF):
On the right side the numerator and denominator are functions on T ′ whose zeros must be cancelled in order to evaluate χ µ .
From Weyl's identity (applied to W and W 1 ), we have
where
Recall t ∈ T has been fixed. Now we also fix s ∈ S 0 and let x ∈ T ′ be a lift of ts. Also let z ∈ T ′ be arbitrary. For all u ∈ W 1 , v ∈ W 1 and µ ∈ 1 2 X we have e uvµ (xz) = e vµ (x) · e uvµ (z).
It follows that
A 1 (e vµ )(xz) = e vµ (x) · A 1 (e vµ )(z).
From (5) we have
For all α ∈ R 1 we have e α (st) = 1, so e α/2 (x) = ±1. It follows that e ρ 1 (x) = ±1 and that
So far x is fixed but we have made no restriction on z. Since the set of elements in T ′ on which no root = 1 is dense in T ′ , we can choose a sequence z n → 1 in T ′ such that e α (xz n ) = 1 for all n and all α ∈ R.
From (4) and (6) we have that
Letting n → ∞ we get, from the Weyl dimension formula applied to the connected centralizer
It follows that
Since all vµ − ρ ∈ X we may replace x by its projection st ∈ T . Decomposing the product according to R 1 = R 2 ⊔ R 3 , we obtain the formula in Lemma 2.1 .
The case S = 1
From now on we assume ρ ∈ X. This can be arranged by taking a two-fold cover of G, hence is no loss of generality.
When S = 1 our previous notation can be simplified as follows. We now write
as before,
Also set ∆ = e ρ α∈R 1
(1 − e −α ).
Taking S = 1 in Lemma 2.1 we get, for all µ ∈ ρ + X + that
Remark: The function λ → H(λ) is a polynomial function on t * of degree |R t |. 
Traces of torsion elements
In this section we study the WCF in the case where S = 1 and t has finite order.
Since the polynomial H transforms by the sign character of W 1 , the sum (7) may be written as
Since t has finite order, the function µ → e vµ (t) is invariant under translations by a W -stable sublattice X ′ of finite index in X. For example, we could take X ′ = mX, where m is the order of t. However it is convenient to not make a specific choice of X ′ at this stage.
Fix such a W -stable sublattice X ′ ⊂ X. Then for each coset y ∈ X/X ′ , we can define a function δ y : W → C by δ y (v) = e vµ (t) for any µ ∈ y. We set
Thus Q y is a harmonic polynomial on t * , of degree |R t | and depending only on y, such that
LetŘ y = {α ∈Ř + : µ,α ∈ mZ} and let W y = r α :α ∈Ř + y . One checks that
Equation ( 
Hence if |R t | < |Ř y | we have Q y = 0 and if |R t | = |Ř y | then Q y is a constant multiple of the polynomial (11) . From (9) we get the following.
Proposition 2.2 Let t ∈ T have finite order, let X ′ ⊂ X be a W -stable sublattice under which µ → e vµ (t) is invariant under translations and let y ∈ X/X ′ .
(a) If |R t | < |Ř y | then tr(t, V µ ) = 0 for all dominant regular weights µ ∈ y.
(b) If |R t | = |Ř y | then there is a constant C t,y ∈ C such that for all dominant regular weights µ ∈ y we have tr(t, V µ ) = C t,y α∈Řy µ,α .
Principal weights
We continue with t and X ′ as above. For certain cosets y ∈ X/X ′ we can compute the constant C t,y appearing in Prop. 2.2.
Proof: We first assume x = 1. From (5) we have w∈W ε(w)e wρ = D 1 · D 1 , as functions on T ′ . We compute as in the proof of Lemma 2.1. Let z ∈ T be such that e α (tz) = 1 for all α ∈ R and let t ′ , z ′ be lifts of t, z in T ′ . We compute
Taking the limit as z ′ → 1 we get
Now for arbitrary x ∈ W we have
Proposition 2.4 Fix t, X ′ as above, and suppose y = xρ + X ′ for some x ∈ W . If |R t | = |Ř y | then for every dominant regular weight µ ∈ y we have
Proof: From (9) We have
Since
On the other hand, from Lemma 2.3 we have
The proposition follows.
Principal elements and principal weights
Let m be a positive integer, and let t = 2ρ(e iπ/m ), where
Since t m = 2ρ(−1) is central in G, we may take X ′ = mZR in the previous section. Note that
Lemma 2.5 Let v ∈ W and let y = vρ + mZR ∈ X/mZR. Then for t = 2ρ(η) as above we have
Proof: We haveŘ y = {α ∈Ř : vρ,α ∈ mZ}. Since wŘ y =Ř wy for all w ∈ W , we may assume v = 1. Thus, |R t | and |Ř y | are determined by the distributions of heights α,ρ and ρ,α of the roots α ∈ R and co-rootsα ∈Ř. One of the main results of [17] is a proof of Shapiro's observation that the partition of the number positive roots according to height is dual to the partition given by the exponents of the Weyl group. Since R andŘ have the same Weyl group, the lemma follows.
Traces of Weyl group elements on zero weight spaces
We now apply the results from the previous section to compute tr(w, V T µ ) for w ∈ W and µ ∈ ρ + X + .
Characters and constant terms
Given w ∈ W , let S = (T w ) • be the identity component of the fixed-point group T w := {t ∈ T : t w = t}, and let Y = X * (S) be the character lattice of S.
The the rank of Y equals the rank of the fixed-point sublattice X w = {ν ∈ X : wν = ν} and X w is the character
has finite kernel, hence is surjective. It follows that the restriction map X → Y is injective on X w .
By definition, w is a coset of T in N. Thus we regard w ⊂ N. Fix n ∈ w. From the surjectivity of (13) it also follows that every element of w is T -conjugate to an element of nS. Indeed, given any 
for any choice of n ∈ w.
We have nV λ = V wλ . It follows that for all s ∈ S we have
Since the restriction map X → Y is injective on X w it follows that S tr(ns, V ) ds = tr(n, V T ) = tr(w, V T ).
Since W is finite, some power of n lies in T . It follows that n is semisimple. Also n ∈ C G (S), the centralizer of S. Hence there exists g ∈ C G (S) such that n g ∈ T . We set t := n g ∈ T.
Since g centralizes S, we have (ns) g = ts for all s ∈ S. It follows that
as functions on S. From Lemma 3.1 we have
The trace of w on the zero weight space V T is given by
Formal Fourier Series
In this section we extend the functional S to certain rational functions on S, using the theory of formal characters [13, 22.5] .
Let S be an algebraic torus over C with character lattice Y = X * (S) and coordinate algebra C[S]
.
is the algebraic version of the Fourier expansion of f . The Fourier transform f →f is a linear bijection from C[S] to the set C[Y ] of finitely supported functions Y → C.
has the pointwise product and C[Y ] has the convolution product:
Under this isomorphism the constant term functional S :
Let us be given elements ν 1 , . . . , ν r ∈ Y , not necessarily linearly independent or even distinct, but all nonzero. In fact we assume there is an elementσ in the dual latticeY = X * (S) such that ν i ,σ > 0 for all i. Let Γ ⊂ Y be the semigroup generated by {ν 1 , . . . , ν r }.
We let C[[Y ]] be the set of functions φ : Y → C supported on finitely many sets of the form
are not necessarily Fourier transforms of functions on S. Nevertheless we can extend the functional
For any complex number z and i = 1, . . . , r the Fourier transform of
; its inverse is the function whose support is contained in −Nν i and whose value at −nν i , for n ∈ N, is z n . More generally, the convolution-inverse ofĥ, where
is given by the weighted partition function
where the sum runs over all (n 1 , . . . , n r ) ∈ N r such that 
where P (µ) is given by (16) .
The character formula
We now apply the results of section 2 to the situation of 3.1.
We enumerate R 3 = {β 1 , . . . , β r }, let ν i ∈ Y be the restriction of β i , and let z i = e −ν i (t). As in (16) , for ν ∈ Y we set P (ν) = z n 1 1 z n 2 2 · · · z nr r where the sum runs over all (n 1 , . . . , n r ) ∈ N r such that
We can now state and prove our character formula.
Then the trace of w on the zero weight space V T µ is given by
where t ∈ T is C G (S)-conjugate to an element of w.
Proof: From Prop. 3.2 we have that
From Lemma 2.1 we have that
In Prop. 3.3 we take
Since S e vµ−ρ (ts) In this section we explicate our character formula for G of type G 2 .
Let α and β be simple roots, where α is long, and letβ 0 = 3α + 2β be the highest co-root. Let ω α and ω β be the corresponding fundamental weights, so that ρ = ω α + ω β . Our character formulas are expressed in terms of functions of the coordinates (a, b) of the dominant regular weight
where a, b are positive integers.
For k ∈ Z, define (k) 2 = 0 or 1 if k is even or odd respectively, and for m ∈ {3, 4, 6} set
So (k) 3 = k 3 is the Legendre symbol and (k) 6 = (k) 2 · (k) 3 . For relatively prime positive integers m, n, and q ∈ Q, let P mn (q) be the number of solutions (x, y) ∈ N × N of the equation mx + ny = q. For any integer k, we have the constant-term formula
Now P mn (q) = 0 unless q ∈ N, in which case P mn (q) is given by Popoviciu's formula [23] (see also [5, 1.3] )
where m ′ , n ′ are any integers such that mm ′ + nn ′ = 1, and {r} = r − ⌊r⌋ denotes the fractional part of a rational number r.
For G 2 we will need just two of these partition functions, P 12 and P 23 , which have the more explicit formulas
The conjugacy classes in W are represented by e, r α , r β , cox 3 , cox 2 , cox.
For µ = aω α + bω β the values of tr(w, V T µ ) are shown in the following table.
w
As far as I know, the dimension of V T µ for G 2 was first given explicitly in [2] . The formulas therein evidently take positive integer values without any sign cancellations. On the other hand, they have nine different cases, according to congruences of (a, b) mod (2, 6) . A more compact expression for dim V T µ was obtained by Vergne, using coordinates (m, n) where µ − ρ = mα + nβ (see [20] ). If we change coordinates to (a, b) as in (18) then Vergne's formula for dim V T µ simplifies to the one given above.
For w = r α we have S =β 0 (C × ) and we may take t =β(−1). We have
The v th summand is nonzero only if v −1 β 0 ∈ R + . Summing over such v we get
where now the sum runs just over v ∈ {e, r β , r β r α }. Since vµ,α ≡ vµ,β 0 mod 2, we may omit the factors (· · · ) 2 and we get
Since the first term is zero unless a is odd, we may write tr(r α , V T µ ) in the form given in the table above.
For w = r β the calculation is entirely similar: We have S =α 0 (C × ), where α 0 is the highest root, and we may take t =α(−1).
The elliptic traces tr(cox k , V T µ ), for k ∈ {1, 2, 3}, are straightforward to compute using (7) .
Observations. 
4)
On each coset in X/2X, the trace of the long element w 0 = cox 3 simplifies to a product of orthogonal coroots:
(This is a general fact, cf. (6.3) below.)
These product formulae allow us to determine when V T is irreducible for W . Indeed, the long element w 0 = cox 3 and there are only finitely many a, b for which tr(w 0 , V T µ ) belongs to the set {χ(w 0 ) : χ ∈ Irr(W )} = {±1, ±2}, namely (a, b) = (1, 1), (1, 2), (2, 1), (3, 2) .
The first three cases are the trivial, seven-dimensional and adjoint representations, which have irreducible zero weight spaces. The last case µ = 3ω α + 2ω β , we have tr(w 0 , V T µ ) = −2 and tr(cox 2 , V T µ ) = +1. As these are not the values of any χ ∈ Irr(W ), it follows that V T µ cannot be irreducible for W . (This method will be extended to other groups G in section 6.2.1.)
Example: SL 4
Let G = SL 4 (C), let α, β, γ be simple roots, with α and γ orthogonal to each other. Let ω α , ω β , ω γ be the corresponding fundamental weights, so that ρ = ω α + ω β + ω γ .
For a dominant regular weight µ, the character of V T µ is expressed as a function of coordinates (a, b, c) where a, b, c are positive integers such that
Replacing V µ by its dual does not change the W -module structure of V T µ , so we may assume that a ≤ c.
We set
We have V T µ = 0 if and only if s, d are integers and d + b is odd. We index the conjugacy classes in W = S 4 by partitions [λ 1 λ 2 · · · ] of 4. For example [1111] is the identity element and [4] is the Coxeter class.
The character values are shown in the following table.
w tr(w, V T µ )
[1111]
where for any A ⊂ Z and x ∈ R we use the notation
and m ij are the following integers.
The dimension of V T µ was obtained in [20, Thm.6.1], using coordinates different from ours. Our standing condition a ≤ c puts us in case (2) 
We give here the details of computation for the trace of a reflection on V T µ , leaving the other (easier) cases to the reader.
We take w = r β , S = {(x, y, y, z) : 
ds. (20) For any ν ∈ Y the constant term integral S e ν (s)
where the sum is over those (p, q, r) ∈ N 3 such that
If ν is the restriction to S of vµ − ρ then (21) means that
where vµ − ρ = Aα + Bβ + Cγ. In particular, r ≡ A ≡ C mod 2. Setting m = min{A, C} we have (−1) r = (−1) m and we find that
We next determine those v for which (22) has a solution. Since ρ = 3 2 α + 2β + 3 2 γ, we have
γ are determined by v 1 and v 4 , respectively. When v 1 = 4 we have A < 0 so there is so solution to (22) . Likewise, when v 4 = 1, 2 we have C < 0 (since a ≤ c, in the case v 4 = 2), so there is again no solution to (22) . 
Label the rows of this table by the pairs (i, j) = (v 1 , v 4 ). For each (i, j) let m ij , A ij , C ij be the corresponding values of m, A, C and set Finally, since m 13 = m 23 we get the value for tr(r β , V T µ ) in the table above.
Observations:
1. V T µ is a multiple of the regular representation when a, b, c ∈ 2Z and either a or c is in 3Z. For example, if (a, b, c) = (2, 4, 12) then dim V T µ = 24 so V T µ is exactly the regular representation of W .
2. For the case µ = aρ (where a is odd, to have V T aρ = 0), the character values simplify to (see (19) 
Elliptic traces
Returning to an arbitrary simple group G, suppose now that w ∈ W is elliptic. This means the torus S is trivial, X w = 0 and in (13) we have T = [T, w]. This implies that all elements of the coset w are T -conjugate, which in turn means that w itself is contained in a single G-conjugacy class; we denote this class by w G .
The vanishing of X w implies that
From equation (7) we have, for any t ∈ T ∩ w G , that
Specializing Prop. 2.2 to this situation we obtain (b) If |R t | = |Ř y | then there is a constant C t,y ∈ Q such that for all regular dominant weights µ ∈ y we have tr(w, V T µ ) = C t,y · α∈Řy µ,α .
Elliptic regular traces
We now assume G is simply connected. We say w ∈ W is regular if the group generated by w acts freely on R. In this section we give a monomial formula for tr(w, V T µ ) when w is both elliptic and regular. Proposition 6.2 Assume w ∈ W is elliptic and regular, let t ∈ T ∩ w G and let m be the order of Ad(t). Then for all y ∈ X/mX we have |R t | ≤ |Ř y |, with equality if and only if y is conjugate to ρ + mX under the natural action of W on X/mX.
Proof: It suffices to prove the result for one
In particular, Ad(t) has order m, so Ad(g) has order m for every g ∈ w G .
Let n ∈ N ∩ w G . Since w is elliptic regular and Ad(n) has order m, it follows that
The character lattice X is the co-character lattice of the dual torusT = C × ⊗ X and ZŘ = X * (T ).
Setting ζ = η 2 , which has order m in C × , we have a map X →T given by λ → λ ⊗ ζ. This factors through an injective mapping X/mX →T , y →ŷ, whereŷ = λ ⊗ ζ for any λ ∈ y. Let k be the order ofŷ inT . Sinceŷ m = 1 we have that k divides m.
We may identifyT with a maximal torus in the dual groupĜ of G,Ř with the root system ofT in G, and W with the Weyl group ofT inĜ. Note thatĜ is adjoint, since G is simply connected.
Applying Thm. 7.1 of the appendix toĜ gives the first inequality in the following.
Since G andĜ have the same rank, this immediately gives the inequality |R t | ≤ |Ř y |.
If y ∈ ρ + mX then applying [29, Prop.8] toĜ shows thatŷ ∈ŵĜ, whereŵ ∈ W is elliptic regular of order m, so that dim CĜ(ŷ) = |Ř|/m. This implies that |R t | = |Ř y |.
Conversely, if |R t | = |Ř y | then k = m and dim CĜ(ŷ) = |Ř|/m. The condition for equality in Thm. 7.1 implies thatŷ ∈ŵĜ whereŵ ∈ W is elliptic regular of order m Sinceŷ ∈T , it follows thatŷ isŴ -conjugate to ρ ⊗ ζ, which means y is W -conjugate to ρ + mX.
From Props. 6.1 and 6.2 we get Theorem 6.3 Let w ∈ W be elliptic regular of order m and let y ∈ X/mX. 2. If y is not in the W -orbit of ρ + mX then for all dominant regular µ ∈ y we have
Remark: The denominator in (25) Example: We illustrate the vanishing statement in Thm. 6.3 when w = w 0 is the long element in the Weyl group W of type E 8 .
Here C G (t) has type D 8 , so |R t | = 56. The set of cosets X/2X is a vector space over F 2 on which W preserves a nondegenerate quadratic form q. The W -orbits are the loci {0}, (q = 1), (q = 0). The values of q are easily seen as follows [27] An element y ∈ X/2X may be viewed as a ± coloring of the Dynkin graph of E 8 , according to the signs of the fundamental weights on y. Let D y be the subgraph supported on the − vertices. Then q(y) is the number of connected components of D y , modulo two.
If q(y) = 1 the centralizer CĜ(ŷ) has type A 1 E 7 , so |Ř y | = 64. It follows that tr(w 0 , V T µ ) = 0 if and only if µ ∈ y where y = 0 or q(y) = 1.
If q(y) = 0 then tr(w 0 , V T µ ) is a monomial in µ of degree |Ř y | = 56. There are 135 such cosets y ∈ X/2X.
Irreducible zero weight spaces
It was shown already in [12] that every irreducible representation of the symmetric group S n appears as V T for some irreducible representation (irrep) of SL n . It follows from Kostant's general result on tr(cox G , V µ ) that the trace of cox ∈ S n on any irrep of S n also lies in {−1, 0, +1}.
When they first met, Kostant asked Lusztig if he could prove this last fact for S n directly. Lusztig observed that since cox generates its own centralizer, one need only produce n irreps of S n for which tr(cox) = 0. The exterior powers of the reflection representation fit the bill.
In any irreducible Weyl group W , it is still true that cox generates its own centralizer and one can again find h irreps (no longer exterior powers) of W on which cox has nonzero trace. Thus for any simple G we have:
(1) The trace of cox G on any irrep of G lies in {−1, 0, +1};
(2) The trace of cox on any irrep of W lies in {−1, 0, +1}.
One may ask if (1) ⇒ (2) as it did for the symmetric group. That is, does every irrep of W appear as V T for some irrep of G? In fact, the answer is no, even for G = SO (5) .
So the question, raised in [14] , becomes: which irreps of W appear as V T for some irrep V of G?
Our character formula for elliptic regular traces leads to a method for answering this question in the case that W contains an elliptic involution w 0 . In this case w 0 is central in W and therefore w 0 acts by a scalar ±1 on any irreducible representation of W .
From Thm. 6.3 it follows that V T µ can only be irreducible if µ + 2ZR belongs the the W -orbit of
for every dominant regular µ ∈ vρ + 2ZR. Note that each factor µ,α is strictly positive. Hence each y ∈ X/2ZR contains only finitely many µ's for which the product in (26) is the dimension of an irreducible representation of W . Thus one arrives at a finite list L of possible µ ′ s for which V T µ can be irreducible. Numerical computation of other character values for µ ∈ L can then be used to determine which V T µ are in fact irreducible.
Irreducible zero weight spaces for F 4
Here we carry out the strategy just outlined, for the group G of type F 4 . We label the extended Dynkin diagram for F 4 as 0 1 2 ⇒ 3 4
and ρ = 8α 1 + 15α 2 + 21α 3 + 22α 4 . The elements n ∈ w 0 are conjugate to t :=ω 1 (−1) wherě ω 1 =α 0 = 2α 1 + 3α 2 + 2α 3 +α 4 is the fundamental co-weight dual to α 1 . The root system R t ∪ −R t has base {α 0 , α 2 , α 3 , α 4 } and has type A 1 × C 3 , so that |R t | = 10. We find that α∈Ř 2 ρ,α = 2 18 · 3 2 · 5.
Using coordinates µ = aω 1 + bω 2 + cω 3 + dω 4 , we list all positive corootsα 1 , . . . ,α 24 as linear forms A i (µ) = µ,α i , as follows. On each of the 16 cosets y ∈ X/2X, the function µ → tr(w 0 , V T µ ) has the form
where ǫ(µ) ∈ {−1, 0, +1}. These are shown in the table below, where the cosets in X/2X are labelled by the parities of a, b, c, d ("+" is even, "-" is odd).
Since tr(w 0 , V T µ ) is nonzero when V T µ is irreducible, we need consider only the 12 cosets y for which c, d are not both even. For each such y we find all µ ∈ y for which tr(w 0 , V T µ ) belongs to the set {1, 2, ±4, 6, −8, 9, 12, −16} of traces of w 0 on the irreducible representations of W [10, p.413]. In fact from all of the the twelve cosets there are only five such µ. In these cases V µ is small enough to compute dim V T µ , as shown in the next table.
µ
The first three cases, where dim V µ = 1, 52, 26 are known to have irreducible zero weight spaces.
In the fourth case µ = ω 1 +ω 2 +ρ, V T µ is clearly reducible. In the last case µ = 2ω 4 +ρ we note that W has a unique 12-dimensional irreducible character χ 12 , such that χ 12 (cox) = 1. On the other hand, the co-rootβ = 2α 1 + 4α 2 + 3α 3 +α 4 has µ,β = 12, which means that tr(cox, V T µ ) = 0, by Kostant [19] . It follows that V T µ is reducible in this last case. This completes the determination of all µ for which V T µ is irreducible, in the case G = F 4 .
Appendix: Thomae's function on a Lie group
In this appendix we will prove Thm. 7.2 below, which was used in the proof of Thm. 6.3 above. However, we will start from a new direction.
In Real Analysis, Thomae's function τ : R → R is an example of a function which is discontinuous precisely on the rational numbers. It is defined by τ (x) = 1/m if x = n/m is rational in lowest terms with m > 0, and τ (x) = 0 if x is irrational. So τ (n) = 1 for every integer n and on each open interval (n, n + 1) the function τ has maximum value 1/2, taken just once, at the midpoint of the interval.
More succinctly, τ (x) is the reciprocal of the order of x in the group R/Z (with the convention, used henceforth, that the reciprocal of infinity is zero). For any group G one can similarly define a function τ G (g) equal to the reciprocal of the order of g ∈ G.
Consider the group G = SO 3 of rotations about a fixed point O in three-dimensional Euclidean space. Here τ G (g) = 1/m if g rotates by a rational multiple n/m (in lowest terms) of a full circle and τ G (g) = 0 otherwise. So τ G (g) = 1 if g = e is the identity rotation and elsewhere τ G has maximum value 1/2 taken just on the conjugacy class of half-turns. Since every element of G is conjugate to a rotation about a fixed axis through O, this example is essentially the same as Thomae's original one, but now we observe that 1/2 = 1/h, where h is the Coxeter number of G.
More generally, let G be any compact Lie group which is simple as an abstract group. As with the original Thomae function, τ G is discontinuous precisely on the torsion elements in G. The proof is the same, using the facts 1) that torsion elements can be approximated by elements of infinite order, 2) for every ǫ > 0 there are only finitely many conjugacy classes in G whose elements have order ≥ 1/ǫ, and 3) conjugacy classes are closed in G.
On the regular elements of G we have τ G ≤ 1/h with equality on just the class of principal elements. These are analogues in G of the half-turns in SO 3 , introduced in [17] . The principal elements are those in the class cox G .
We next consider relative maxima of τ G on singular elements.
All conjugacy classes in the simple compact Lie group G were classified by E. Cartan [9] , in terms of Euclidean geometry. We recall this briefly, using the language of [6, chap. V]. First, every element of G can be conjugated into a fixed maximal torus T . Second, the Lie algebra of T may be regarded as an affine Euclidean space E, partitioned into facets according to a system H of hyperplanes arising from affine roots of G. For each facet F we set
Third, if we choose a facet C which is open in E then the group G is a finite union
over all facets F contained the closure C.
For each facet F let r F be twice the cardinality of the (finite) set {H ∈ H : F ⊂ H}. If o is a special vertex in E then r := r o is the number of roots of G. We will prove the inequality
for any facet F and any element g ∈ F G . In fact, exp(F ) has a unique element of minimal order m F , which can be calculated from Kac-coordinates (see below). Thus the inequality (27) is equivalent to the combinatorial inequality
For a general facet F , equality need not be attained in (28) . For example τ G (e) = 1 < 1 + 1/h. When does equality hold in (28) ?
Let N = N G (T ) be the normalizer of T in G and let W = N/T . As in the body of the paper we regard each element w ∈ W as a subset of N and set w G = {gng −1 : g ∈ G, n ∈ w}. We will prove:
Theorem 7.1 For any facet F ⊂ E and any element g ∈ F G we have the inequality
with equality if and only if g ∈ w G for some elliptic regular element w ∈ W . Now, r F is the number of roots of the centralizer of any element in F G . Since r · h = dim T , Thm. 7.1 may be restated in the form used in the proof of Thm. 6.3.
Theorem 7.2 Suppose g ∈ G has has finite order m. Then the dimension of the centralizer C G (g) satisfies the inequality dim C G (g) ≥ r m and equality holds if and only if g ∈ w G where w ∈ W is an elliptic regular element of order m.
We prove this latter version via computations with Kac-coordinates for torsion classes in G [15] (see also [28, 2.4] ). Here we recall only what is required to set up our computations. Let I be an index set for the affine roots 
and this minimal order is
The vertices of D are also indexed by I. For each proper subset J I the subgraph D J of D supported on J is the Dynkin graph of a finite root system R J with |R J | = r J . In fact R J is the root system of T in G J . Let
where n = dim T . We must prove that f (J) ≥ 0 and determine those J for which f (J) = 0.
This will be done in cases. If J = ∅ then m J = h and result is clear, so we assume |J| ≥ 1.
Classical Groups
We make some preliminary simplifications in the classical cases A n , B n , C n , D n .
First, if |J| = 1 in type A one checks that f (J) = 1, so we may assume |J| ≥ 2 in type A.
Next, we have a reduction step. Identify elements of I with vertices in the affine Dynkin graph D.
Say that a vertex i ∈ I is interior if i is adjacent to at least two other vertices. Otherwise i is a boundary vertex. All interior i's have the same value c of c i (c = 1 in types A n and c = 2 in the other classical cases). Every vertex in I is adjacent to at least one interior vertex.
Fix J I and let m = m J . Since |J| ≥ 1 we have m < h, and in type A we have m < h − 1.
Suppose i, j are adjacent vertices in I − J and that i is interior. Remove i and the edge {i, j} from D. Replace each remaining edge {i, k} by {j, k}, keeping the number of bonds the same. We obtain an affine Dynkin graph D ′ of a simple Lie group G ′ of the same type as D of rank n − 1,
where k = −1 for A n , k = 0 for B n , C n and k = 2 for D n . Since m < h, and m < h − 1 in type
Thus, in all classical cases, we may assume:
We will also use the following inequality: For real numbers q 1 , . . . , q a we have
where q = a i=1 q i , and equality holds if and only if q i = q/a for all i = 1, . . . , a. One can prove (30) by summing the inequalities q 2 i + q 2 j ≥ 2q i q j for 1 ≤ i < j ≤ a.
A n
By (29) the root system R J has type
for some integers q i ≥ 2, with q = n + 1 = h. So
The coefficients c i are as shown
The elliptic regular elements in the Weyl group of type B n are powers of a Coxeter element. Thus their conjugacy classes correspond to divisors k of n, and the order of w = cox k is m = 2n/k. The Kac coordinates of the class w G are given in the table below. m = 2n/k s = (s 0 , s 1 , · · · , s n ) 2n 1 1 1 1 1 1 · · · 1 1 ⇒ 1 n (n even) 
where m = 2(a + 1) and n = p + r + q, with q = q 1 + q 2 + · · · + q a . Then
with equality if and only if p + r = q 1 = q 2 = · · · = q a = n a + 1 = 2n m , and p = r or p = r + 1. It follows that s are the Kac coordinates of w G where w is the elliptic regular class in W from one of the last two rows of the above table.
Case 2: |J ∩ I 1 | = 1. Here we have
since r ≥ 0. Thus strict inequality holds in this case.
Case 3:
with equality if and only if r ∈ {0, 1} and r + 1 = q 1 = · · · = q a = n/(a + 1). Since m < 2n by assumption, this forces r = 1 and n = m. Thus n is even and (s i ) is the Kac coordinates of w G where w is the elliptic regular class in W of order n.
Type C n
The coefficients c i are as shown:
The elliptic regular elements in the Weyl group of type C n are powers of a Coxeter element. Thus their conjugacy classes correspond to divisors k of n, and the order of w = cox k is m = 2n/k. The Kac coordinates of the class w G are given in the table below. m = 2n/k s = (s 0 , s 1 , · · · , s n )
There are three cases:
Here we have
so we have
A q i −1 × C r , r ≥ 1, n = r + q, m J = 2a + 1,
as this is the same as Case 2 for B n .
Case 3: |J ∩ I 1 | = 0. Here we have
with equality if and only if all q i = n/a. Thus a divides n and (s i ) are the Kac coordinates of w G where w ∈ W is elliptic regular of order 2n/a.
Type D n
The elliptic regular elements in the Weyl group of type D n correspond to even divisors k of n and odd divisors k of n − 1, as shown in the table below.
We choose the indexing set I as in [6] , so that I 1 = {0, 1, n − 1, n}. Up to automorphisms of D, there are five cases for J ∩ I 1 .
Case 1: I 1 ⊂ J.
In this, and only this case our inequality (30) is not sharp enough, so we need another reduction.
Let d J = max{|q i − q j |}. We can reduce to the case d J ≤ 1, as follows. First note that R J and m J are unchanged by permutations of the components
Then
where q ′ 1 = q 1 − 1, q ′ 2 = q 2 + 1, and q ′ j = q j for j = 1, 2. Since the weights c i are constant on interior vertices, we have m J ′ = m J . One checks that R J − R J ′ = 2(q 1 − q 2 − 1) > 0.
Proving f (J) ≥ 0 reduces to showing f (J ′ ) ≥ 0. Hence we may assume the type-A components of R J have just two ranks A q−1 and A q , occuring, say, x and y times respectively. Then m J = 2(x + y + 1) and n = k + qx + (q + 1)y, where we have set k = p + r. Now we compute f (J) = 2p(p − 1) + 2r(r − 1) + xq(q − 1) + yq(q + 1) + n − n(n − 1)
x + y + 1 = (p − r) 2 + k 2 − k + q 2 x + (q + 1) 2 y − n(n − 1)
x + y + 1 = (p − r) 2 + 1 x + y + 1 [(q − k)(q − k + 1)x + (q − k + 1)(q − k + 2)y + xy] ≥ 0, and equality holds if and only if p = r and each product inside [· · · ] is zero. Without loss of generality, we may assume y = 0. Then q = 2p or q = 2p − 1, so that w is an elliptic regular element of order m = 2n/2p or m = 2(n − 1)/(2p − 1), respectively.
Case 2: J ∩ I 1 = {0, n}.
A q i −1 , n = q, m J = 2a, so that Here we have
A q i −1 , n = q + 1, m J = 2a + 1, so that
q i (q i − 1) + q + 1 − 2q(q + 1) 2a + 1 = 1 + a i=1 q 2 i − 2q(q + 1) 2a + 1 ≥ 1 a(2a + 1) a(2a + 1) + (2a + 1)q 2 − 2aq(q + 1) = 1 a(2a + 1) (q − a) 2 + a(a + 1) > 0.
Case 5: J ∩ I 1 = ∅. Here we have
A q i −1 , n = q + 2, m J = 2(a + 1), so that
with equality if and only if q = 2a, so all q i = 2. This means that n = 2(1 + a) is even and (s i ) are the Kac-coordinates of w G where w is the elliptic regular class in W of order n.
Exceptional groups
Suppose now that G has one of the types G 2 , F 4 , E 6 , E 7 , E 8 . In these cases, the Kac-coordinates of the classes w G for w elliptic regular are tabulated in [?, 7.1].
In principle, one can verify Thm. 7.2 by writing down all s = (s i ) ∈ S m , for 1 < m < h, and checking the theorem for each such m. One can make this verification more efficient by considering both ends of the interval 1 < m < h in different ways.
Recall that for each J I we must prove that |R J | ≥ |R| m J − n and determine when equality holds. Here n is the rank of G, and m J = i / ∈J c i . We make the following two calculations.
Step 1. For 1 < m < n we compute the minimum r(m) = min{|R J | : m J = m}.
We check that r(m) ≥ |R| m − n 1 0 1 0 0 1 0 0 0 In each case we have r ≥ [240/m(r)] − 8 and equality is achieved by at most one J, as indicated in the rightmost column.
The proof of Thm. 7.2 for E 8 is now complete. For the other exceptional groups the calculations in steps 1,2 are easier and left to the reader.
Torsion automorphisms of simple Lie algebras
In this appendix we have worked with simple compact groups G, to simplify the exposition. The proofs and results are unchanged if instead G is the complex Lie group of inner automorphisms of a simple Lie algebra g.
In fact, Theorem 7.2 holds for the full automorphism group of g. Let g be a simple complex Lie algebra, with automorphism group Aut(g). For each θ ∈ Aut(g) let g θ = {x ∈ g : θ(x) = x} be the fixed-point subalgebra. Given a Cartan subalgebra t ⊂ g, let Aut(g, t) = {θ ∈ Aut(g) : θ(t) = t}, let R t be the root system of t in g and put r = |R t |. Each element of Aut(g, t) induces, via its action on t and g, an automorphism of the root system R t .
As in the introduction we say that any automorphism w of a root system R is elliptic regular if w fixes no nonzero element in the root lattice ZR and w acts freely on R.
Theorem 7.3 Let θ ∈ Aut(g) have finite order m. Then dim g θ ≥ |R| m and the following are equivalent.
(a) dim g θ = |R| m ;
(b) θ normalizes a Cartan subalgebra t such that the image of θ in Aut(R t ) is elliptic regular;
(c) If ζ ∈ C × has order m then the action of the fixed-point subgroup G θ on the eigenspace g(θ, ζ) has a closed orbit with finite stabilizers.
The equivalence (b) ⇔ (c) is proved in [29] . The equivalence (a) ⇔ (b) is proved in exactly the same way as in the cases of inner automorphisms, treated above. The same affine diagrams D appear but with different orientation on the multiple bonds, and the coefficients {c i } are different (see, for example, [28] ). Since we do not need this generalization for characters of zero weight spaces we will not give these calculations here.
